Abstract. Let G be a finite locally ðG; sÞ-arc transitive graph with s d 2 such that G is intransitive on vertices. Then G is bipartite and the two parts of the bipartition are G-orbits. In previous work the authors showed that if G has a non-trivial normal subgroup intransitive on both of the vertex orbits of G, then G is a cover of a smaller locally s-arc transitive graph. Thus the 'basic' graphs to study are those for which G acts quasiprimitively on at least one of the two orbits. In this paper we investigate the case where G is quasiprimitive on only one of the two G-orbits. Such graphs have a normal quotient which is a star. We construct several infinite families of locally 3-arc transitive graphs and prove characterization results for several of the possible quasiprimitive types for G.
Introduction
Locally s-arc transitive graphs were first investigated by Tutte [14] , [15] , who showed that s c 5 for a vertex-transitive locally s-arc transitive graph of valency 3. Since then many group-theoretic tools have been applied; for example Weiss [16] used the classification of finite simple groups to prove that s c 7 for a vertex-transitive graph with valency at least 3, while in the vertex-intransitive case Stellmacher has proved that s c 9 (see [13] ). These two results, along with the work of Goldschmidt [8] on amalgams and the second author's classification [10] of all primitive and biprimitive 4-arc transitive graphs, arose from analyses of the local structure of the automorphism group, that is, the action of the vertex stabilizer on the set of neighbours.
Vertex-intransitive locally s-arc transitive graphs with valency at least 2 are bipartite and the two bipartite halves are orbits under the automorphism group. In [5] a global action analysis for bipartite vertex-intransitive locally s-arc transitive graphs was undertaken. It was shown that the 'basic' graphs, that is, those from which all others can be built, are either complete bipartite or those for which the automorphism group acts faithfully on each orbit and quasiprimitively on at least one. (A transitive permutation group on W is quasiprimitive if all non-trivial normal subgroups act transitively on W.) This paper concentrates on the case where the automorphism group acts quasiprimitively on only one bipartite half. Such graphs have a star normal quotient and their existence was seen in [7] to be equivalent to the existence of certain partial linear spaces and homogeneous factorizations. Quasiprimitive groups have been classified in [11] by the third author along the lines of the O'Nan-Scott Theorem for primitive groups and separated into eight types in [12] . It was shown in [5] that only five of these types can occur for locally s-arc transitive graphs with a star normal quotient and the purpose of this paper is to investigate the graphs arising in these cases.
An s-arc in a graph G is an ðs þ 1Þ-tuple v 0 ; v 1 ; . . . ; v s of vertices such that consecutive vertices are adjacent and v iÀ1 0 v iþ1 for i ¼ 1; 2; . . . ; s À 1. Given G c AutðGÞ, we say that G is locally ðG; sÞ-arc transitive if for each vertex v, the vertex stabilizer G v acts transitively on the set of s-arcs starting at v. If G is also vertex-transitive then G acts transitively on the set of all s-arcs in G and so G is called ðG; sÞ-arc transitive. When all vertices have valency at least 2 then local s-arc transitivity implies local ðs À 1Þ-arc transitivity. In this paper we concentrate on graphs satisfying the following condition:
(STAR): G is a locally ðG; 2Þ-arc transitive connected graph such that G has two orbits D 1 and D 2 on vertices, G is not complete bipartite, and G acts quasiprimitively on D 1 but has a normal subgroup N which acts intransitively on D 2 .
It was shown in [5, Lemma 5.5] , that for these graphs, the quotient G N modulo the N-orbits is the star K 1; k , where k is both the number of orbits of N on D 2 and the valency of vertices in D 1 .
Given G, G and N satisfying (STAR), the five possible quasiprimitive types for G are HA, HS, TW, PA and AS. We will describe these five types in Section 2. When G is of type HS we get the following determination of all such graphs in terms of the coset graph construction CosðG; L; RÞ defined in the second paragraph of Section 3. Theorem 1.1. Let G, G and N be as in (STAR) and suppose in addition that G is a quasiprimitive group of type HS on D 1 . Then G G CosðX ; X v ; X w Þ with X ¼ T Â T ¼ socðGÞ; X v ¼ fðt; tÞ j t A Tg; X w ¼ fðl 1 h; l 2 hÞ j l i A M; h A Hg;
and M the centre of the largest normal p-subgroup of H, where T, H are as in one of the lines of Table 1 .1, and p is the defining characteristic of T. In Section 4, we give a general construction (Construction 4.1) for examples where G is of type HA and show that all HA examples arise from this construction (Theorem 4.2). A determination of all such examples would rely on a determination of all irreducible subgroups G 0 of GLðd; pÞ which permute a collection N of subspaces 2-transitively. This seems to be di‰cult, especially as the action of G 0 on N need not be faithful. We give a sample of examples in Section 4 which show that G 0 can be quite varied. Fairley [4] has classified all examples in the case where G 0 is the central extension of an almost simple group and the subspaces in N are 1-spaces.
We do not investigate the case where G is of type TW but we note that examples do exist: one can be found in [5, Example 4.7] .
A quasiprimitive group of type PA on a set W acts faithfully on some partition P of W preserving a product structure (a formal definition will be given in Section 2). When the blocks of this partition have size 1, that is, when G preserves a product structure on W, we can determine all possible locally ðG; 2Þ-arc transitive graphs. Let D be a set of size n and k be a positive integer. The Hamming graph Hðk; nÞ is the graph with vertex set D k and two k-tuples are adjacent if and only if they di¤er in precisely one coordinate. The vertex-maxclique incidence graph of a Hamming graph is the incidence graph of the set of vertices of the Hamming graph and the set of maximal cliques. Theorem 1.2. Let G, G and N be as in (STAR) and suppose that G acts quasiprimitively on D 1 of type PA such that G preserves a product structure D k on D 1 . Then G is the vertex-maxclique incidence graph of the Hamming graph Hðk; jDjÞ and G is as in Example 5.1.
We do not know of any PA examples where G does not preserve a product structure on D 1 . It would be interesting to know if such examples exist.
The remaining possibility is the AS case. Here G is an almost simple group with socle T such that T acts transitively on D 1 but intransitively on D 2 . For s d 2 all locally ðG; sÞ-arc transitive graphs, other than K 2; k , with one vertex of valency 2 can be constructed by placing a vertex at the midpoint of every edge of a ðG; sÞ-arc transitive graph (see Section 6). Thus we are only interested in graphs where all vertices have valency at least 3 and so we concentrate on the case where T has at least three orbits on D 2 . For positive integers p and k define oðp mod kÞ ¼ r where r is the least positive integer such that p r 1 1 ðmod kÞ. The groups listed in Table 1 .2 are all simple groups T for which AutðTÞ=T has a section S isomorphic to a 2-transitive group of degree at least 3 (Proposition 6.4). An example of an AS star when T ¼ PSLð3; 4Þ was given in [5, Example 4.6] , while Examples 6.6 and 6.7 provide examples when T ¼ PSUð3; 5Þ. We also give an example when T ¼ PSLð3; 4Þ acts regularly on D 1 (Example 6.5). Examples for T ¼ PW þ ð8; qÞ of valency 3 and 4 are given in [6] . We do not know if examples exist with
Global analysis and star normal quotients
Suppose that G is a graph with a group G of automorphisms such that G has a nontrivial normal subgroup N which acts intransitively on the set of vertices of G. The quotient graph G N of G with respect to N is the graph whose vertex set is the set of orbits of N on V G, and two N-orbits B 1 [5] show that G is a cover of G N , that G N is locally ðG=N; sÞ-arc transitive and that G=N has two orbits on V G N . If we choose N to be maximal subject to being intransitive on both G-orbits then either G N is a complete bipartite graph or G=N acts faithfully on each of its orbits and quasiprimitively on at least one. The graphs G N are then basic in the sense that all locally ðG; sÞ-arc transitive graphs can be constructed as covers of these graphs. The basic graphs which are not complete bipartite fall naturally into two families, namely those locally ðG; sÞ-arc transitive graphs for which G is faithful and quasiprimitive on both orbits and those for which G acts faithfully on both orbits and quasiprimitively on only one. We now give a description of the five possible quasiprimitive types for the group G for which G satisfies (STAR). More information can be found in [12] .
A quasiprimitive permutation group G is of type HA if and only if it has an elementary abelian minimal normal subgroup N. All such groups are of the form G ¼ N z H where N G C d p and H is an irreducible subgroup of GLðd; pÞ for some prime p. The action is the natural action on the points of a d-dimensional vector space over GFð pÞ and G 0 ¼ H. Every quasiprimitive group of type HA is in fact primitive. 
A quasiprimitive group G acting on a set W is of type HS if and only if there exists a finite non-abelian simple group T such that
and W ¼ T. The action is given by
for all t 1 ; t 2 ; t A T and h A AutðTÞ. Note that if h A InnðTÞ (the group of inner automorphisms) then its action on W is induced by ðh;
All quasiprimitive groups of type HS are in fact primitive. A quasiprimitive group is of type TW if there exist a non-abelian simple group T and a positive integer k d 2 such that the socle of G is isomorphic to T k and acts regularly on W. All such groups are twisted wreath products of the group T and a point stabilizer; hence the name TW.
A quasiprimitive group G is of type AS if there exists a non-abelian simple group T such that T c G c AutðTÞ and T acts transitively on W. The group T may or may not be regular.
A quasiprimitive group G of type PA acting on a set W preserves some partition P (possibly trivial in the sense of having parts of size 1) of W upon which G acts faithfully preserving a product structure A graph G is G-locally primitive if for every vertex v, G v acts primitively on the set GðvÞ of vertices adjacent to v. If G is a locally ðG; 2Þ-arc transitive graph and all vertices have valency at least 2 then, for all v A V G, G v acts 2-transitively on GðvÞ and so G is G-locally primitive.
We collect some results concerning graphs with a star normal quotient. The first is [5, Lemma 5.5]. Given a set D of points and a set B of subsets of D, the incidence graph relative to ðD; BÞ is the bipartite graph with vertex set D _ U U B and edges fv; Bg where v A D, B A B and v A B. The resultant graph is bipartite. We have the following theorem from [7] . 
HS stars
In this section we construct five infinite families of examples where G acts primitively of type HS on D 1 and yet has a normal subgroup which is intransitive on D 2 . We then prove Theorem 1.1 which says that these are the only examples satisfying (STAR) for which G acts on D 1 of type HS. First we need to give a general group-theoretic construction of edge transitive graphs.
Let G be a group with subgroups L and R such that L V R is core-free in G.
L be the set of right cosets of L in G and D 2 ¼ ½G : R be the set of right cosets of R in G. We follow [5] and define the graph G ¼ CosðG; L; RÞ to have vertex set D 1 _ U U D 2 and edges fLx; Ryg whenever xy À1 A LR. Then G acts on V G by right multiplication of the cosets and G c AutðGÞ. This definition of a coset graph is analogous to Tits' coset geometry construction, where incidence is defined by non-empty intersection of cosets. Note that xy À1 A LR is equivalent to Lx V Ry 0 q. Moreover, let G be a G-edge transitive but not G-vertex transitive graph with adjacent vertices v and u. Then G G CosðG; G v ; G u Þ.
We call the triple ðG v ; G w ; G v V G w Þ the associated amalgam. We can now begin our analysis of the HS case. Construction 3.2. Let T be a finite non-abelian simple group with a 2-transitive representation and let H be a point stabilizer for this action. In addition, suppose that H has an elementary abelian minimal normal subgroup M such that H acts transitively by conjugation on the non-trivial elements of M. Let Proof. Note that L V R ¼ fðh; hÞ j h A Hg and so L acts 2-transitively on ½L : L V R as this action is equivalent to the action of T on ½T : H. Now fð1; lÞ j l A Mg is a set of coset representatives for the set of right cosets of L V R in R. If h A H then ðh; hÞ : ðL V RÞð1; lÞ 7 ! ðL V RÞð1; l h Þ:
Then as H acts transitively by conjugation on the non-trivial elements of M, R acts 2-transitively on ½R : L V R. Hence G is locally ðG; 2Þ-arc transitive and is biregular of valency fjT : Hj; jMjg. As L is a maximal subgroup of G it follows that hL; Ri ¼ G and so G is connected. Furthermore, G acts primitively of type HS on D 1 while N has jT : Hj orbits on D 2 .
We now give suitable choices for T, H and M to use in Construction 3.2. We denote a group of order q i by ½q i .
(1) T ¼ SzðqÞ for q ¼ 2 l with l d 3 and l odd, H G ½q 2 z C qÀ1 and M G ½q. Then G is locally ðG; 2Þ-arc transitive of valency fq 2 þ 1; qg. Let v be the vertex of D 1 corresponding to the coset L and w be the vertex of D 2 corresponding to the coset R. Let u A GðvÞnfwg. Then G uvw G fðt; tÞ j t A C qÀ1 g which acts transitively by conjugation on GðwÞnfvg ¼ ½R : L V RnfRg. Hence G uwv acts transitively on the set of 3-arcs starting at u. Similarly, let u 0 A GðwÞnfvg. Then G u 0 wv G fðt; tÞ j t A ½q 2 g which acts transitively on GðvÞnfwg ¼ ½L : L V RnfLg. Hence G is locally ðG; 3Þ-arc transitive.
(2) T ¼ ReeðqÞ for q ¼ 3 l with l d 3 and l odd, H G ½q 3 z C qÀ1 and M ¼ ½q. Again we get a locally ðG; 3Þ-arc transitive graph of valency fq 3 þ 1; qg. Note that T ¼ Reeð3Þ G PSLð2; 8Þ z C 3 and so is not simple but we can still construct an example by letting
and G is a locally ðG; 3Þ-arc transitive graph which is biregular of valency fq þ 1; qg. When q is odd then H ¼ M z C ðqÀ1Þ=2 and so H does not act transitively on the set of non-trivial elements of M. Instead we form a new group G Ã ¼ ðT Â TÞ:hðt; tÞi where t is an element of N PGLð2; qÞ ðHÞnPSLð2; qÞ. Then G Ã c AutðGÞ and
where
Then G Ã w induces the 2-transitive group AGLð1; qÞ on GðwÞ. Thus G is locally ðG Ã ; 2Þ-arc transitive and is in fact locally ðG Ã ; 3Þ-arc transitive. We note that the examples constructed here for T ¼ PSLð2; qÞ were constructed in [7 [5] that when G is quasiprimitive on both orbits this is the only possible combination of types, if the two quasiprimitive actions of G are of di¤erent types.
Recall that when G is quasiprimitive of type HS, G has two minimal normal subgroups, both regular and isomorphic to some finite non-abelian simple group T. In this case we actually determine all possible graphs and prove Theorem 1.1.
Proof of Theorem 1.1. Let G be a connected locally ðG; 2Þ-arc transitive graph such that G has two orbits D 1 and D 2 on vertices and such that G is not complete bipartite. By [5, Lemma 5.2], G acts faithfully on both D 1 and D 2 . Suppose further that G acts quasiprimitively of type HS on D 1 but has a normal subgroup which acts intransitively on D 2 . Then X ¼ T Â T p G and G has two minimal normal subgroups, each regular on D 1 and isomorphic to T. As G has a normal subgroup which is intransitive on D 2 , we can take one of the minimal normal subgroups to be such a subgroup. By Theorem 2.2, we can identify D 1 with T and there exists a collection P of elementary abelian p-subgroups of T such that D 2 is the set of cosets of the subgroups in P and, for v ¼ 1 T , GðvÞ ¼ fP j P A Pg and G v acts 2-transitively on P. Moreover, as the action of G on D 1 is of type HS, we know that X v ¼ fðt; tÞ j t A Tg. Let P A P. By the description of type HS in Section 2, the image of P under ðt 1 ; t 2 Þ A X is t Since the image of 1 T under ð1; p 2 Þ A Y is p 2 , for p 2 A P, Y acts transitively on P. Also Y contains ðX v Þ P ¼ ðX P Þ v , and it follows that X P ¼ Y .
As T is simple, N T ðPÞ 0 T and so 1 0 X
. Thus T G X v is the socle of a 2-transitive almost simple group such that the stabilizer in T of a point in this 2-transitive action is N T ðPÞ. Also X v acts transitively on GðvÞ and so X acts transitively on the set of edges of G. Thus by Lemma 3.1, G G CosðX ; X v ; X P Þ. Now N T ðPÞ is a p-local subgroup of T and so by the classification of 2-transitive groups (see [2, Section 7.4]), T is one of PSLðd; qÞ, PSUð3; qÞ, ReeðqÞ 0 or SzðqÞ. By Theorem 2.2, ðG v Þ P acts transitively by conjugation on the non-trivial elements of P and so P is a minimal normal subgroup of N T ðPÞ. Thus G is one of the graphs given by Construction 3.2.
HA stars
We begin with a general construction. Construction 4.1. Let V be a d-dimensional vector space over GFðqÞ, where q ¼ p f for some prime p, and let G 0 be a subgroup of GLðd; qÞ. Let N be a collection of mdimensional subspaces of V permuted 2-transitively by G 0 such that N spans V , and suppose that for W A N, ðG 0 Þ W acts transitively on the set of non-trivial elements of W . Let B be the set of translates of the elements of N, G ¼ V z G 0 and G be the incidence graph relative to V and B.
All HA examples arise from this construction. Example 4.6. Let V be an n-dimensional vector space over GFðqÞ with basis e 1 ; e 2 ; . . . ; e n . Let
which acts irreducibly on X , and let v ¼ e 1 þ e 2 þ Á Á Á þ e nÀ1 À ðn À 1Þe n A X . Then G 0 acts 2-transitively on the set N ¼ hvi G 0 and Z acts transitively on the set of non-trivial elements of each 1-space. Thus we can use Construction 4.1 to build a locally 2-arc transitive graph from G 0 , X and N. If ðq; nÞ 0 1 then let w ¼ v þ U and note that G 0 ¼ S n Â Z acts irreducibly on X =U. Then letting N ¼ hwi G 0 we obtain a locally 2-arc transitive graph from Construction 4.1. Note that the graphs constructed are locally ðH Â Z; 2Þ-arc transitive for any 2-transitive subgroup H of S n .
PA stars
We begin with the following example.
Example 5.1. Let D be a set of size n. In the Hamming graph Hðk; nÞ, a maximal clique is a subset of n vertices such that, for some i, each pair of vertices di¤ers only in the ith coordinate. Thus Hðk; nÞ has n kÀ1 k maximal cliques, each of size n. Let D 1 be the set of all vertices of Hðk; nÞ and D 2 be the set of all maximal cliques. Then the graph G with vertex set D 1 U D 2 and adjacency defined by incidence is locally ðS n wr S k ; 3Þ-arc transitive (see for example [5] ). Furthermore, let H be a 2-transitive almost simple group of degree n with socle T, and K a 2-transitive subgroup of S k . Then for any G, with socle 
. . . ; dÞ j a A Dg. Hence S 1 is a block of imprimitivity for T containing d and similarly so is each S i . Now all vertices at distance 2 from v in G have their ith coordinate in S i . Since S 1 Â S 2 Â Á Á Á Â S k is a system of imprimitivity for G on D 1 , the connectedness of the distance 2 graph of D 1 implies that S i ¼ D i for each i. Thus W is a maximal clique of Hðk; jDjÞ containing v and the set B is the set of all maximal cliques of Hðk; jDjÞ. Hence G is the vertex-maxclique incidence graph of Hðk; jDjÞ. As G v acts 2-transitively on GðvÞ ¼ fW 1 ; . . . ; W k g it follows that G acts 2-transitively on the k simple direct factors of N. Furthermore, as G W 1 ¼ ðH Â ðH d wr S kÀ1 ÞÞ V G acts 2-transitively on W 1 , it follows that H is a 2-transitive almost simple group with socle T. Thus G is as in Example 5.1.
AS type
We begin with the following lemma. 
As T acts transitively on D 1 it follows that G ¼ TG v . Thus
Thus G GðvÞ v is isomorphic to a quotient of G=T c OutðTÞ, that is, G GðvÞ v is a section of OutðTÞ. Lemma 6.1 will enable us to determine restrictions on T when k d 3. When k ¼ 2, G has a vertex of valency 2, and locally s-arc transitive graphs with a vertex of valency 2 were investigated in [5, Section 3.3] . We take this opportunity to correct a minor error there: as stated, [5, Theorem 3.10(a)] is not true. Take a 'doubled 3-cycle', that is, a multigraph on three vertices with two edges between each pair of vertices, and place a vertex at the midpoint of each edge. The resulting graph is locally 1-arc transitive. However, the connected component of the distance 2 graph of G containing a vertex of valency 4 is a 3-cycle with valency 2. The flaw in the proof occurs where we take v to be a vertex of valency k and for each w A GðvÞ we let vðwÞ be the unique vertex of valency GðwÞnfvg. It was claimed that this gives a one-to-one correspondence between GðvÞ and G 2 ðvÞ. However, this is only true if G v acts primitively on GðvÞ and G 0 K 2; k . Thus [5, Theorem 3.10] should read as follows.
(a) Let G be a connected locally ðG; 2s À 1Þ-arc transitive graph of valency f2; kg with k d 3 such that G 0 K 2; k . LetG G be a connected component of the distance 2 graph of G containing a vertex of valency k. Then VG G is the set of all vertices of valency k andG G is ðG; sÞ-arc transitive of valency k.
(b) Let S be a connected ðG; sÞ-arc transitive graph of valency k d 3. Then the graph S Ã formed by placing a vertex at the midpoint of each edge of G is a connected locally ðG; 2s À 1Þ-arc transitive graph. Moreover, S Ã 0 K 2; k and if G ¼ S Ã then the graphG G in assertion (a) is equal to S. We now concentrate on the case where k d 3.
Proposition 6.4. Let T be a non-abelian simple group such that AutðTÞ=T has a section S isomorphic to a 2-transitive group of degree k d 3. Then T, S and k are as in one of the lines of Table 1 .2.
We now provide some examples of locally ðG; sÞ-arc transitive graphs where G is an almost simple group acting quasiprimitively on D 1 but with socle T acting intransitively on D 2 . In the first example, T acts regularly on D 1 . 4 and R G A 6 Á 2:2 G PGLð2; 9Þ of G such that L V R G C 2 3 z Q 8 :2. Let G be the graph CosðG; L; RÞ. Then L is a maximal subgroup of G (see [3] ), but T has three orbits on the set of right cosets ½G : R as R c T z C 3 . Thus G acts primitively of type AS on D 1 ¼ ½G : L but not quasiprimitively on D 2 ¼ ½G : R. The action of L on the set of right cosets ½L : L V R is equivalent to the action of S 3 on three points and is hence 2-transitive. Furthermore, the action of R on the set of cosets ½R : L V R is the 3-transitive action of PGLð2; 9Þ on ten points. Thus G is locally ðG; 2Þ-arc transitive and is biregular of valency f3; 10g such that G N G K 1; 3 . We omit the easy verification that G is locally ðG; 3Þ-arc transitive.
Example 6.7. A locally ðG; 3Þ-arc transitive graph of valency f3; 8g with G ¼ PGUð3; 5Þ and amalgam ððC 7 z C 3 Â C 3 Þ z C 2 ; PGLð2; 7Þ; ðC 7 z C 3 Þ z C 2 Þ.
Let T ¼ PSUð3; 5Þ and G ¼ PGUð3; 5Þ ¼ AutðTÞ. Let L be a maximal subgroup of G isomorphic to ðC 7 z C 3 Â C 3 Þ z C 2 and let R ¼ PGLð2; 7Þ such that L V R ¼ ðC 7 z C 3 Þ z C 2 . Now G acts primitively on the set D 1 of right cosets ½G : L but does not act quasiprimitively on D 2 ¼ ½G : R as in this action T has three orbits.
Let G ¼ CosðG; L; RÞ. The action of L on the set of right cosets ½L : L V R is equivalent to the action of S 3 on three points. Further, the action of R on ½R : R V L is the 2-transitive action of PGLð3; 2Þ on eight points. Thus G is locally ðG; 2Þ-arc transitive and is biregular of valency f3; 8g such that G T G K 1; 3 . In fact, it can be shown that G is locally ðG; 3Þ-arc transitive.
We finish with the following problem for the AS case.
Problem 6.8. Let G be a locally ðG; 2Þ-arc transitive graph such that G is an almost simple group which acts quasiprimitively on D 1 but whose socle T has k > 1 orbits on D 2 . Is there an upper bound on the value of k?
The largest known value of k is 4, which occurs in the examples constructed in [6] . Theorem 1.3 suggests that PSLðn; p f Þ and PSUðn; p f Þ may provide examples for all primes k but we do not yet know of any examples for these groups with k > 3. In looking for examples we need subgroups T w of T which are normalized by field automorphisms but not by diagonal automorphisms. One obvious choice would be subfield groups, but an investigation has revealed that this only produces an example when n ¼ k ¼ 3. Thus if we wish to find examples for Problem 6.8 using T ¼ PSLðn; p f Þ or PSUðn; p f Þ and with T w maximal in T, the best candidates for T w such that T has k > 3 orbits on D 2 are the so-called C 9 groups, that is, subgroups arising from absolutely irreducible representations of almost simple groups which are not realizable over a subfield. The choice of T w ¼ PSLð2; 7Þ in Example 6.7 is such a subgroup.
